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1. INTRODUCTION
An interesting application of the theory of gravitat-
ing, spherically symmetric shells is related to the possi-
bility of modeling some properties of star clusters by
the evolution of such shells, each moving in the field
produced by all the remaining shells and the central
body [1–6]. Let there be steady motion of a large num-
ber of gravitating particles (stars) around a nonrotating
central body at rest. Because of the large number of par-
ticles, each of them may be assumed to move in an
average stationary spherically symmetric field (which
is not a Schwarzschild field inside the cluster but trans-
forms into a Schwarzschild field outside the cluster).
Each particle moves along a trajectory that is a general-
ization of elliptical orbits in Newtonian mechanics; the
total energy and total angular momentum of each parti-
cle are conserved. Let us single out a sphere of arbitrary
radius 
 
r
 
0
 
 inside the cluster at some arbitrary time 
 
t
 
0
 
 and
single out the particles on this sphere with equal radial
velocities and with the same absolute value of the total
angular momentum per unit rest mass, whence it fol-
lows that the total energies per unit rest mass are also
equal. One can see from the first integrals of geodesics
in a stationary spherically symmetric field that the
radial motion of all the singled-out particles obeys the
same equations. This implies that the radial motion of
all these particles is the same; i.e., they all form what is
called a shell. Whereas the shell as a whole moves only
radially, its constituent particles also move tangentially
inside the shell. When the number of particles is large,
the tangential particle motions may be treated as cha-
otic motions with the parameters distributed uniformly
and isotropically on the two-dimensional shell surface.
Consequently, these motions can be taken into account
hydrodynamically as the presence of a tangential pres-
sure. The radial behavior of a cluster is modeled by the
motion of a discrete set of infinitely thin shells, each
moving in a vacuum. The radial motion is accurately
taken into account by solving the gravitational equa-
tions. Of course, not all cluster properties can be
described in terms of this model but several aspects of
its dynamics are well modeled. These include, for
example, the violent relaxation of a star cluster [1, 5]
and the ejection of some of the cluster layers during its
collapse after the loss of stability.
Clearly, the model described above has the follow-
ing two main determining elements: first, the motion of
one shell in the field of a central mass and, second, the
motion of two shells in the field of a central mass,
including the possible intersections of the shells with
one another. The first problem was solved by Chase [7]
more than thirty years ago. This author did not raise the
question of applications to analysis of the cluster
behavior but derived the equation of motion for one
shell with a tangential pressure (in general, also with an
electric charge) and studied its stability against col-
lapse. He derived the equation of motion for a shell in a
general form, i.e., without making any special assump-
tions about the equation of state for the shell matter.
Up until now, there has been no complete general-
relativity solution to the second problem. We hope that
this paper will bridge this gap to some extent. We
emphasize that, unless the shells intersect, their equa-
tions of motion are a trivial generalization of the equa-
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tion of motion for one shell. This is because a spheri-
cally symmetric shell produces no gravitational field
within itself and, therefore, does not affect anything
inside it. At the same time, the effect of the inner shell
on the outer shell can be easily taken into account: only
the mass parameters of the Schwarzschild metrics in
outer (relative to the inner shell) regions change. Thus,
the main problem here is related precisely to the inter-
section of shells and involves allowance for the effects
of a large number of such intersections. In this case, we
treat the intersection as a purely ballistic process; i.e.,
each shell is affected only by its surrounding gravita-
tional field, and there is no direct nongravitational inter-
action between the shells at the time of their intersection.
For this condition to be satisfied, the joining must be such
that, in the limit of test shells (whose gravitation may be
ignored), they would intersect without responding in any
way to this process; i.e., all parameters of the motion of
each shell in this limit would remain continuous when
passing through the point of intersection. 
Note that the above problem was considered in
terms of Newtonian gravitation in [1–6, 8]. An interest-
ing result (first obtained in [4]) is the ejection of one of
the shells to spatial infinity through energy transfer
between the shells as they intersect. In [8], we also
described this effect but with some new features. In
addition, we numerically solved the equations of
motion for two shells by taking into account a large
number of their intersections with one another. We
found that, after a sufficiently large number of intersec-
tions, the motion of the shells became chaotic with the
strong sensitivity to small variations in initial parame-
ters typical of chaos.
Noteworthy are also [9, 10], in which the motion and
intersection of shells was considered in a strong gravita-
tional field. As our comparison with the exact solution pre-
sented here shows, the approximate procedure used in
these papers to describe the intersection has a high accu-
racy only when one (or both) of the velocities of the inter-
secting shells is low and when the ratios of the effective
shell masses to the central-body mass are small.
Finally, we emphasize that our study is intended for
specific astrophysical applications and, of course, it
does not cover all aspects of the theory for gravitating
shells. Therefore, our list of references is quite limited
and reflects the development of those applied issues
that are dealt with in this paper. Among the most recent
papers that have a direct bearing on our study, the paper
by Berezin and Okhrimenko [11] is particularly note-
worthy. These authors also investigated the behavior of
a gravitating shell composed of particles moving in the
field of a central mass and considered both astrophysi-
cal and quantum aspects of the problem. However, the
authors did not touch on the issue of the intersection of
two shells. Neronov [12] considered the problem of
inelastic collisions between an arbitrary number of
 
n
 
-dimensional shells in (
 
n 
 
+ 2)-dimensional space-time
and pointed out the conservation law that related a certain
combination of shell parameters before collision with a
similar combination of shell parameters after collision.
The author applied this result to the collision of three-
dimensional shells in five-dimensional anti–de Sitter
space-time to study the properties of the so-called ekpyro-
tyc cosmological model [13, 14]. For completeness, note
also [15], which mainly repeats Neronov’s results. The
interested reader will find in the cited papers [11–15] quite
an extensive review of the literature on various aspects of
the theory for thin gravitating shells.
2. A GRAVITATING SHELL
WITH A TANGENTIAL PRESSURE
Chase [7] obtained his result by the geometrical
method that was first used in [16], where the equation
of motion for a spherically symmetric dust shell was
derived by this method. Naturally, the same result can
be obtained in a more habitual (for the physicist) way
by making up the energy–momentum tensor with an
appropriate 
 
δ
 
-shaped source and by directly integrating
the Einstein equations with this right-hand side. We
used precisely this derivation method, and our result
closely matched Chase’s result. Of course, we do not
detail our calculations here but only note the main
points, because this is of methodological interest and,
in addition, provides a convenient means of introducing
all the necessary concepts and notation.
Let there be a central body of mass 
 
m
 
in
 
 and let a
spherically symmetric shell move outside this body.
Even before solving any equations, it is clear that the
metric inside and outside the shell is the Schwarzschild
metric but with different mass parameters. Using the
coordinates 
 
x
 
0
 
 = 
 
ct
 
 and 
 
r
 
, which are continuous when
passing through the shell, we can write the intervals
 
1
 
inside, outside, and on the shell as
(1)
(2)
(3)
where we denoted
and
(4)
In the interval (3), 
 
τ
 
 is the proper time of the shell. The
factor 
 
e
 
T
 
 in (1) is required to ensure that the time coor-
dinate 
 
t 
 
be continuous when passing through the shell.
The parameter 
 
m
 
out
 
c
 
2
 
 is the total energy of the system.
 
1
 
The interval is written as –
 
ds
 
2
 
 = 
 
g
 
ik
 
dx
 
i
 
dx
 
k
 
 and the metric signature is
(–, +, +, +), i.e., 
 
g
 
00
 
 < 0. The Roman indices take on 0, 1, 2, and 3.
The standard notation for spherical coordinates is (
 
x
 
0
 
, 
 
x
 
1
 
, 
 
x
 
2
 
, 
 
x
 
3
 
) =
(
 
ct
 
, 
 
r
 
, 
 
θ
 
, 
 
φ
 
). The Newtonian gravitational constant is denoted by 
 
k
 
.
– ds2( )in eT t( ) f in r( )c2dt2– f in1– r( )dr2 r2dΩ2,+ +=
– ds2( )out f out– r( )c2dt2 f out1– r( )dr2 r2dΩ2,+ +=
– ds2( )on c2dτ2– r02 τ( ) Ω2,d+=
dΩ2 dθ2 θdφ2sin2+=
f in 1
2kmin
c
2
r
-------------, f out– 1
2kmout
c
2
r
---------------.–= =
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If the equation of motion for the shell is
then joining the angular parts of all three intervals (1)
 
−
 
(3)
yields
(5)
where the function 
 
t
 
(
 
τ
 
) describes the relationship
between the global time and the proper time of the
shell. Joining the radial-time parts of the intervals (1)–
(3) on the shell requires that the following relations
hold:
(6)
(7)
If the equation of motion for the shell [i.e., the function
 
r
 
0
 
(
 
τ
 
)] is known, then the function 
 
t
 
(
 
τ
 
) follows from (7)
and we can then derive 
 
T
 
(t) from (6). Thus, the problem
consists only in determining r0(τ), which can be done
by directly integrating the Einstein equations for the
metric
(8)
and the energy–momentum tensor
(9)
Here, u2 = u3 = 0 and ε, p, u0, and u1 depend on the coor-
dinates t and r alone, with
The energy density ε is
(10)
where δ is the standard δ function. In the absence of
tangential pressure p, the quantity M in (10) would be
constant and the energy density ε would be the sum of
the rest energies of the shell particles per unit volume
of the radially comoving frame. In this case, M would
be the total rest mass of the shell or its bare or baryonic
mass. In the presence of pressure, Mc2 includes the rest
energy along with the energy (in the radially comoving
frame) of the tangential motions of the shell particles
that produce this pressure. In this case, Mc2 can no
longer be constant but depends on the degree of com-
pression of the shell, i.e., on its radius R0(t) or simply
on time t, which is explicitly specified in (10).
r R0 t( ),=
r0 τ( ) R0 t τ( )[ ],=
f in r0( ) tdτd----  
2
e
T t( ) f in1– r0( )
dr0
cdτ--------  
2
– 1,=
f out r0( ) tdτd----  
2
f out1– r0( )
r0d
cdτ--------  
2
– 1.=
s
2d( )– g00 t r,( )c2dt2 g11 t r,( )dr2 r2 Ω2d+ +=
Ti
k
εuiu
k δi2δ2k δi3δ3k+( )p.+=
u
0
u0 u
1
u1+ 1.–=
ε
M t( )c2δ r R0 t( )–[ ]
4πr2u0 g00g11–
------------------------------------------- ,=
As in any spherically symmetric problem, we can
choose the hydrodynamic equations  = 0 and the
, , and  components of the Einstein equa-
tions taken in the form
(all the remaining components of these equations are
identically satisfied either in view of the Bianchi iden-
tities or because of the symmetry of the problem) as the
complete system of equations. As we see from (9),
these components of the Einstein equations contain no
pressure. It is easy to show that they actually lead2 to
the solution (1)–(4) with arbitrary constants min and
mout and, in addition, to the following first-order equa-
tion for the function r0(τ):
(11)
where we denoted
(12)
Two of the four equations  = 0 are identically
satisfied because of the symmetry of the problem. The
other two equations can be reduced to such a form that
one of them will serve simply to determine the pres-
sure,
(13)
and the other is identically satisfied after substituting
this expression for p in it (it is a differential equation of
the second order in τ for the function r0(τ), which is
nothing else but the result of differentiating Eq. (11)
with respect to τ). It should be noted, however, that the
latter holds only in the general unsteady-state case
where R0 ≠ const.
The case of a steady-state shell, R0 = const, requires
a special analysis. In this special case, all quantities
depend only on one variable r and u1 = 0. Three of the
four equations  = 0 are identically satisfied and the
2 When integrating the equations of the problem under consider-
ation, we need only two standard rules to work with symbolic
functions: dθ(x)/dx = δ(x) (where θ is the Heaviside step func-
tion) and F(x)δ(x) = (1/2)[F(–0) + F(+0)]δ(x).
Ti; k
k
0
0   11   10  
Ri
k 1
2--δi
kR– 8πk
c
4---------Ti
k
=
f in r0( )
dr0
cdτ--------  
2
+
+ f out r0( )
dr0
cdτ--------  
2
+
2 mout min–( )
µ τ( )------------------------------,=
µ τ( ) M t τ( )[ ].=
Ti; k
k
p dMdt-------
cδ r R0 t( )–[ ]
8πru1 g00g11–
------------------------------------,–=
Ti; k
k
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fourth equation again serves to determine the pressure,
which can be written as
(14)
Expression (10) for the energy density now takes the
form
(15)
The shell radius R0 itself must be determined from
Eq. (11), in which we should now set dr0/dτ = 0 and µ =
M = const. It is easy to establish that a positive solution
for R0 at positive parameters min and mout exists only
when the inequality
(16)
is satisfied; this solution is
(17)
Expressions (14)–(17) give the solution to the problem
for a steady-state shell.
Let us return to the general unsteady-state case. The
equation of motion for the shell (11) can be written in
several equivalent forms. Below, we give the following
two forms:
(18)
(19)
Given expressions (4) for fin and fout, it is easy to verify
that both (18) and (19) directly follow from Eq. (11). At
the same time, Eq. (11) is the sum of Eqs. (18) and (19).
Yet another equivalent form of the equations of motion for
the shell can be derived by squaring each of Eqs. (18) and
(19) and then adding them term by term. As a result, we
obtain
(20)
The equation of motion for the shell is given in [7] pre-
cisely in this form. We emphasize that, for actual astro-
p Mc
2
32πR0
2---------------=
×
1 f in R0( )–
f in R0( )
------------------------
1 f out R0( )–
f out R0( )
--------------------------+ δ r R0–( ).
ε
Mc2
8πR0
2------------ f in R0( ) f out R0( )+[ ]δ r R0–( ).=
mout min–( )2 M2<
R0
kM2
2c2
---------
mout min 4moutmin M
2
++ +
M2 mout min–( )2–
-------------------------------------------------------------------.=
f in r0( )
dr0
cdτ--------  
2
+
mout min–
µ τ( )----------------------
kµ τ( )
2c2r0
------------ ,+=
f out r0( )
dr0
cdτ--------  
2
+
mout min–
µ τ( )----------------------
kµ τ( )
2c2r0
------------ .–=
1
dr0
cdτ--------  
2
+
mout min–( )2
µ2 τ( )
-----------------------------=
+
k mout min+( )
c
2
r0
------------------------------
k2µ2 τ( )
4c4r0
2---------------- .+
physical applications, all the radicals encountered in
our paper should be taken to be positive.
To proceed further, we must specify the function
µ(τ), which, as we see from (10) and (13), is equivalent
to specifying an equation of state. Here, of course, there
is a wide range of possibilities to choose from, but we
restrict our analysis to the shell model described in the
Introduction, i.e., a shell composed of particles that
move in the field of a central mass. The quantity Mc2 in
(10) in the absence of pressure is the total rest energy of
the shell, i.e.,
where the sum is taken over all particles and ma is the
rest mass of the individual particle. The shell is meant
to be in the state of rest with respect to its radial motion,
and this state takes place in the radially comoving
frame. Since the tangential motions are normal to the
radial motion, their role reduces only to producing an
effective rest mass with respect to the radial motion of
the entire shell; i.e., in their presence, we have the fol-
lowing expression for Mc2:
(21)
where pa is the tangential momentum of each particle.
By the definition of the shell (see the Introduction), all
its particles are at the same distance R0 from the center
and they all have the same |la |/ma ratio (where la is the
total angular momentum of particle a). Since
(22)
the square root in (21) does not depend on the index a
and this root can be taken outside the sum and the sum
where the constant m is the total rest mass of the entire
shell. Because the |la |/ma ratio is independent of a, we
have
(23)
As a result, formula (21) [given the designation (12)]
can be written as
(24)
Mc2 mac
2
,
a
∑=
Mc2 = ma
2
c
4 pa
2
c
2
+
a
∑  = mac2 1 pa
2
ma
2
c
2----------+  
 
,
a
∑
pa
2
ma
2-----
la
2
ma
2R0
2------------
const
R0
------------,= =
mac
2
a
∑ mc2,=
mac
2
a
∑  
  2 pa2
ma
2
c
2----------  = 
c
2
R0
2-----
la
ma
------ ma
a
∑  
  2
 = 
c
2
R0
2----- la
a
∑  
  2
.
µ τ( ) m2 L
2
c
2
r0
2
τ( )
---------------+ ,=
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where
is the sum of the absolute values of the total angular
momenta for the shell particles. Substituting (24) in
Eq. (11) [or in one of the equivalent equations
(18)−(20)] yields the final equation. We can determine
the function r0(τ) from this equation if the initial shell
radius and the four arbitrary constants min, mout, m, and
L are specified.
According to (10), (12), (13), and (24), the equation
of state that relates the shell energy density ε to the tan-
gential pressure p is
The relation
(recall that  do not depend on particle number a)
follows from the definition of the constants L and m and
from formula (23). Hence, we see the limiting forms of
the equation of state: we have a dust state, p  ε, for
nonrelativistic tangential velocities (   ) and
obtain p = (1/2)ε for ultrarelativistic tangential particle
velocities (   ), as should be the case for a two-
dimensional ultrarelativistic gas. As the shell expands
to infinity (R0  ∞), the equation of state always
tends to the dust one, because the contribution of the
tangential particle motions becomes negligible.
3. THE INTERSECTION OF SHELLS
Let us now consider the next (in complexity) case of
two shells that move in the field of a central mass. When
the shells do not intersect, the equations of their motion
can be immediately written without difficulty by using
the previously derived equations of motion for one shell
and the fact that a spherically symmetric shell has no
effect on anything inside it. When there is an intersec-
tion, this information is no longer enough, because
additional joining conditions that are not contained in
the theory of motion for one shell are required at the
point of intersection. As previously, we cover the part of
the physical space-time of interest by a global coordi-
nate system (r, x0) = (r, ct) with continuous r and t. Let
shell 1 be inside shell 2 at the initial time and in its
vicinity and then let these shells intersect at some point
of space-time (r*, t*), so shell 2 turns out to be inside
shell 1 after t* and these relative positions of the shells
are maintained for some time after t*. The intersection
process is shown in Fig. 1. If r = R1(t) and r = R2(t) are
L la
a
∑=
p ε2--
L2
m
2
c
2R0
2----------------- 1
L2
m
2
c
2R0
2-----------------+  
  1–
.=
L2
m
2
c
2R0
2-----------------
pa
2
ma
2
c
2----------=
pa
2/ma
2
pa
2
ma
2
c
2
pa
2
ma
2
c
2
the equations of motion for the first and second shells,
then we have four space-time regions:
In each of these regions, the metric is the Schwarzschild
metric but supplemented with the dilaton factor eT(t),
which is required if we wish to cover all four regions by
a global continuous time coordinate t. In this case, it
remains possible to choose the metric coefficient g00 in
a purely Schwarzschild form without the dilaton factor
in any of these four regions (but only in one of them),
thereby fixing the choice of global time t. It would be
natural to introduce a purely Schwarzschild metric
outside the shells, i.e., in region COB adjacent to spa-
tial infinity. Thus, the metric in these four regions has
the form (8) but with different metric coefficients g00
and g11:
(25)
(26)
(27)
(28)
Here, fin and fout are the same as those in (4) and f12 and
f21 are given by similar expressions:
(29)
The mass parameters mout, min, and m12 are assumed to
be specified by the initial conditions. The mass param-
COB r R1 r R2>,>( ),
COA R1 r R2< <( ),
AOD r R1 r R2<,<( ),
BOD R2 r R1< <( ).
g00
COB( ) f out r( ), g11COB( )– f out1– r( ),= =
g00
COA( )
e
T1 t( ) f 12 r( ), g11COA( )– f 121– r( ),= =
g00
AOD( )
e
T0 t( ) f in r( ), g11AOD( )– f in1– r( ),= =
g00
BOD( )
e
T2 t( ) f 21 r( ), g11BOD( )– f 211– r( ).= =
f 12 1
2km12
c
2
r
--------------, f 21– 1
2km21
c
2
r
--------------.–= =
r
t
r*
ct*
A
B
C
D
O
1
1
2
2
Fig. 1. A schematic view of the intersection of two gravitat-
ing shells. The coordinates of point O are ct* and r*.
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eter m21 formed in the region between the shells after
their intersection is to be determined from the dynamics
of the process and from the joining conditions at point
(r*, t*).
Let us first write out the equations of motion for the
shells before their intersection at t*. To do this, it will
suffice to turn to the equations of motion for one shell,
for example, in the form (18), (19) and to take into
account the fact that the mass parameters in regions
AOD, COA, and COB are min, m12, and mout, respec-
tively. In this case, it is convenient to use the equations
in the forms (19) and (18) for (inner) shell 1 and (outer)
shell 2, respectively:
(30)
(31)
(32)
Here, τ1 and τ2 are the proper times of the first and sec-
ond shells and r1(τ1) = R1[t(τ1)] and r2(τ2) = R2[t(τ2)].
These equations must be supplemented with the joining
conditions for the intervals on both shells. Joining on
the first shell (on curve AO) yields
(33)
(34)
Joining on the second shell (on curve CO) yields
(35)
(36)
If all free parameters (min, mout, m12, m1, m2, L1, L2)
and initial data to Eqs. (30)–(32) were specified and if
the functions r1(τ1) and r2(τ2) were derived, then their
substitution into (33)–(36) gives the functions τ1(t),
τ2(t) and T1(t), T0(t), i.e., all that is required to deter-
mine the motion of the shells before their intersection.
The intersection time t* corresponds to some proper
times τ1(t*) and τ2(t*). Therefore, the coordinates of
the point of intersection r* and t* can be found from
two relations,
(37)
Of course, we assume that Eqs. (37) have a solution (the
cases where there is no solution correspond to the
f 12 r1( )
dr1
cdτ1
----------  
2
+
m12 min–
M1 r1( )
---------------------
kM1 r1( )
2c2r1
------------------,–=
f 12 r2( )
dr2
cdτ2
----------  
2
+
mout m12–
M2 r2( )
-----------------------
kM2 r2( )
2c2r2
------------------,+=
M1 m1
2 L1
2
c
2
r1
2--------+ , M2 m2
2 L2
2
c
2
r2
2--------+ .= =
e
T1 t( ) f 12 r1( ) dtdτ1-------  
2
f 121– r1( )
dr1
cdτ1
----------  
2
– 1,=
e
T0 t( ) f in r1( ) dtdτ1-------  
2
f in1– r1( )
dr1
cdτ1
----------  
2
– 1.=
f out r2( ) dtdτ2-------  
2
f out1– r2( )
dr2
cdτ2
----------  
2
– 1,=
e
T1 t( ) f 12 r2( ) dtdτ2-------  
2
f 121– r2( )
dr2
cdτ2
----------  
2
– 1.=
r∗ r1 τ1 t∗( )( ), r∗ r2 τ2 t∗( )( ).= =
motion without intersections but we are not interested
in such possibilities here).
The equations of motion for the shells after the
intersection time t* can be easily set up in just the same
way again by turning to Eqs. (18) and (19) and by tak-
ing into account the fact that a new parameter m21
emerges in region BOD. We use Eq. (18) for (now
outer) shell 1 and Eq. (19) for (now inner) shell 2:
(38)
(39)
Here, M1(r1) and M2(r2) are given by the same expres-
sions (32) but, naturally, with the values of the func-
tions r1(τ1) and r2(τ2) (and the times τ1 and τ2) after the
intersection.
Joining the intervals on the first shell (on curve OB)
yields
(40)
(41)
Joining on the second shell (on curve OD) requires that
the following relations hold:
(42)
(43)
We see from Eqs. (38)–(43) that, if the parameter m21
were known, then the evolution of the shells after their
intersection (for t > t*) would be completely deter-
mined by their evolution before the intersection,
because the initial data to Eqs. (38) and (39) have
already been specified (it is known that the shell posi-
tions at time t* are r1 = r2 = r* and the coordinates of
the point of intersection r* and t* have already been
found from the previous evolution). Thus, we must
have an additional physical condition from which we
could determine m21.
Actually, we have not yet used the continuity condi-
tion for the relative velocity of the shells when passing
through the point of intersection. We can make sure that
this condition is necessary as follows. It is well known
that the motion of the shells can be described in coordi-
nates in which all metric coefficients are everywhere
continuous and only their first derivatives together with
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2
+
m21 min–
M2 r2( )
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kM2 r2( )
2c2r2
------------------– .=
f out r1( ) dtdτ1-------  
2
f out1– r1( )
dr1
cdτ1
----------  
2
– 1,=
e
T2 t( ) f 21 r1( ) dtdτ1-------  
2
f 211– r1( )
dr1
cdτ1
----------  
2
– 1.=
e
T2 t( ) f 21 r2( ) dtdτ2-------  
2
f 211– r2( )
dr2
cdτ2
----------  
2
– 1,=
e
T0 t( ) f in r2( ) dtdτ2-------  
2
f in1– r2( )
dr2
cdτ2
----------  
2
– 1.=
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the Γ symbols undergo discontinuities (like finite
jumps). This implies that the shell accelerations in these
coordinates can only have discontinuities like finite
jumps and, hence, the velocities must be everywhere
continuous. It thus follows that the invariants expressed
in terms of the velocities and metric coefficients alone
will be everywhere continuous not only in these coordi-
nates but also in any other coordinates, in particular, in
our coordinates r and t. If there is only one shell, then
only one such invariant exists, the norm of the 4-veloc-
ity vector for the shell. In the coordinates in which the
metric is everywhere continuous, this norm is defined
relative to the metric at the points of the shell trajectory
themselves and is assumed to be a unit norm. In any
other coordinates, the limiting values of the norm as the
shell is approached on both of its sides remain unit
ones. This circumstance is expressed by relations (6)
and (7), which may be called the joining conditions.
In the presence of two shells, the aforesaid remains
valid for each of them, which is expressed by the join-
ing conditions (33)–(36) and (40)–(43). However, we
now have one more invariant that can be made up only
from the velocities and metric coefficients, namely, the
scalar product of the unit 4-velocity vectors for the first
and second shells. Before the intersection (trajectories
CO and AO), this quantity can be determined every-
where in the region between the shells (sector COA) by
making an appropriate parallel transport of the
4-velocity vectors for both shells to the points of this
region from the shell sides adjacent to sector COA. We
emphasize that this scalar product cannot be deter-
mined in such a way in sectors COB and AOD, because,
in this case, we would have to transport the 4-velocity
vector for one of the shells through the trajectory of the
other shell, i.e., through the point of discontinuities in
the Γ symbols, and this parallel transport is not
uniquely determined. After the intersection, the scalar
product of the unit 4-velocity vectors for the shells is
uniquely determined for the same reason only in the
region between the shells, i.e., in sector BOD. Actually,
there is no need to make all these parallel transports,
because both vectors are at the same point of space-
time at the intersection time, and we are interested only
in this point. The previous analysis serves only to show
that the limit of the scalar product of the unit 4-velocity
vectors for the shells at the point of intersection O
should be calculated relative to the metric in sector
COA when it is approached from the side “before the
intersection” (i.e., at t = t* – 0) and relative to the metric
in sector BOD when point O is approached on the side
“after the intersection” (i.e., at t = t* + 0). The continu-
ity of this scalar product in the coordinate system where
this metric is continuous and its invariance require that
these limits also be equal in our coordinates. This is
precisely the additional condition from which the
parameter m21 can be determined. Let us now derive
this condition in an explicit form. The unit tangent vec-
tor to trajectory AO is
(44)
and the unit tangent vector to trajectory CO is
(45)
The fact that these are actually unit vectors follows
from the joining equations (33) and (36).
The components of vector (44) can be easily
expressed from Eqs. (30) and (33) as
(46)
(47)
where
(48)
For the components of vector (45), we obtain the fol-
lowing expressions from Eqs. (31) and (36):
(49)
(50)
(51)
Using the metric (26) in region COA, we now need to
calculate the quantity
(52)
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From the preceding results, we obtain
(53)
Let us now turn to the region after the intersection time.
For the unit tangent vectors to trajectories OB and OD,
we have
(54)
(55)
we see from the joining conditions (41) and (42) that
these are actually unit vectors. For the components of vec-
tor (54), we obtain expressions from Eqs. (38) and (41)
similar to (46) and (47) with the substitutions f21(r1) for
f12(r1), m21 for m12, mout for min, T2(t) for T1(t),  for δ1,
[−M1(r1)] for M1(r1), and t ≥ t* for t ≤ t*. The components
of vector (55) follow from Eqs. (39) and (42); the expres-
sions for them can be derived from (49) and (50) by sub-
stituting f21(r2) for f12(r2), m21 for m12, min for mout, T2(t) for
T1(t),  for δ2, [–M2(r2)] for M2(r2), and t ≥ t* for t ≤ t*.
Accordingly,  and  are defined as in (48) and
(51) but for t ≥ t*. Using the metric (28) in region BOD,
let us calculate the scalar product
(56)
We easily obtain
(57)
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The necessary continuity condition is now the require-
ment that
(58)
where Q and Q' are given by (53) and (57), respectively.
Since the intersection coordinate r* is assumed to be
known, condition (58) is the equation for determining
the parameter m21.
We began the derivation of Eq. (58) by calling it the
continuity condition for the relative velocity of the
shells at point (r*, t*) in advance. Let us explain this in
more detail. We define the “physical” shell velocities v1
and v2 in region COA as
(59)
Using the joining equations (33) and (36), we then
obtain
(60)
(61)
It now follows from (44), (45), and (52) that
(62)
The “physical” velocities of the shells after their inter-
section,  and , are defined similarly:
(63)
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We then find from the joining equations (41) and (42)
that
(64)
(65)
It follows from (54)–(56) that
(66)
Naturally, the continuity of Q when passing through the
point of intersection (r*, t*) also implies the continuity
of any function of Q, in particular, of
(67)
The latter is nothing else but the relative velocity of two
“particles,” as it is defined in relativistic mechanics.
This gives grounds to call condition (58) the continuity
condition for the relative velocity of the shells.
To work with Eq. (58), it is convenient first to sim-
plify the form of expressions (53) and (57) for Q and Q'
by denoting
(68)
and by expressing the differences between the mass
parameters in Q and Q' using formulas (4) and (29) in
terms of the differences between the functions f(r)
taken at point r = r* in accordance with the relation
(69)
where a and b mean the indices “in,” “out,” 12, and 21.
Now, Q and Q' can be represented as
(70)
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Q 4 σ1σ2 f 12( ) 1––=
× f in f 12 σ1––( ) f 12 f out σ2+–( )[
– δ1δ2 f in f 12 σ1––( )2 4σ1 f 12–
× f 12 f out σ2+–( )2 4σ2 f 12– ],
(71)
where we omitted the argument r* in the functions fa to
save space. In all the subsequent formulas given below,
the quantities fa without any argument will mean their
values at r = r*.
If the equation Q = Q' is written using expres-
sions (70) and (71) and if the first term from Q' is car-
ried over to the left-hand side of this equation, then
squaring the resulting relation yields a quadratic equa-
tion for the unknown f21, i.e., for the parameter m21.
This procedure is somewhat cumbersome, and, in addi-
tion, it does not answer the question of which of the two
solutions should be chosen. However, there is a method
not only to easily find a solution to the equation Q = Q'
in a simple form but also to find this solution unambig-
uously and directly from the continuity equations with-
out resorting to any additional physical considerations.
The point is that, apart from Eq. (58), there are other
similar continuity requirements when passing through
the point of intersection of the shells; their use makes it
easier to find the solution and singles it out unequivo-
cally. As we saw, Eq. (58) was derived by requiring that
the scalar product of the unit 4-velocity vectors for the
shells be continuous when passing through the point of
their intersection from sector COA (before intersection)
into sector BOD (after intersection). It is easy to see,
however, that all the reasoning that accompanied the
derivation of Eq. (58) is also equally applicable to the
passage through the point of intersection from sector
AOD into sector COB; i.e., we may also assert that the
limit of the scalar product of the unit tangent vectors to
trajectories AO and OD when point O is approached
from sector AOD must be equal to the limit of the scalar
product of the unit tangent vectors to trajectories OB
and CO when point O is approached from sector COB.
This continuity condition can be easily obtained in an
explicit form by repeating a procedure similar to the
procedure that led to Eq. (58). We first calculate the sca-
lar product
(72)
using the equations of motion for shells AO and OD in
the form (18) and the joining conditions (34) and (43)
and then calculate the scalar product
(73)
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using the equations of motion for shells CO and OB in
the form (19) and the joining conditions (35) and (40).
Subsequently, we equate the results:
(74)
In the same notation that we used to derive expres-
sions (70) and (71), the quantities P and P' are
(75)
(76)
In addition, it is clear that all that we have said above
about the continuity conditions at the point of intersec-
tion is not restricted only to the passages from COA into
BOD and from AOD into COB but is equally applicable
to the passages in general from any sector into any other
sector. This implies that all four quantities Q, Q', P, and
P' must actually be identical and, in addition to condi-
tions (58) and (74), we must require that one more
equation, for example, P = Q, be satisfied. Thus, the
complete set of continuity conditions at the point of
intersection can be written as
(77)
It turns out that these three quadratic equations for one
unknown f21 actually have one single common root.
This root can be easily determined3 from the first two
equations from (77) and is
(78)
3 This requires expressing the components of the unit 4-velocity
vectors in terms of hyperbolic functions. Thus, for example, if
we introduce the angles α1 and α2 according to
δ1  =  and
δ2  = , then Q =
− . Similar notation should be introduced for the
quantities from which the scalar products P, P', and Q' are made
up. Equation (77) can then be easily resolved for the “angles” that
contain the unknown f21.
P' P.=
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P' 4 σ1σ2 f out( ) 1––=
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Q Q', Q P, Q P'.= = =
f in f 12 σ1––( )
2 4σ1 f 12– 4σ1 f 12 α1sinh
f 12 f out– σ2+( )
2 4σ2 f 12– 4σ2 f 12 α2sinh
α1 α2–( )cosh
f 21 f out f in f 12 2 f 12( ) 1–––+=
× f in f 12– σ1–( ) f 12 f out– σ2+( )[
– δ1δ2 f in f 12– σ1–( )2 4σ1 f 12–
× f 12 f out σ2+–( )2 4σ2 f 12– ].
The third equation from (77) after substituting the
expression for f21 in it is satisfied identically.
Formula (78) solves the problem of determining the
mass parameter m21 from the quantities specified at the
evolutionary stage before intersection. The energy
transfer between the shells as they intersect is deter-
mined along with it. Indeed, the total conserved ener-
gies of the shells before their intersection are defined as
(79)
where E1 is the energy of (inner) shell 1 and E2 is the
energy of (outer) shell 2. During the intersection, the
energy of each shell undergoes a discontinuity; subse-
quently, their energies become equal to  and ,
respectively:
(80)
The conservation of total energy of the shells when
passing through the point of intersection automatically
follows from these expressions:
(81)
Using this relation, we can write the energies of the
shells after their intersection as
(82)
It follows from (80), (81), and (69) that
(83)
Substituting the solution (78) for f21 in this expression
yields
(84)
Note that the square bracket multiplied by the factor
 in formulas (78) and (84) can be easily expressed
in terms of the scalar product Q [see formula (70)],
which, in turn, can be easily expressed in terms of the
shell velocities v1 and v2 at the point of intersection
[relation (80)]. This representation of ∆E is
(85)
and it is convenient in some cases (in particular, for
obtaining the nonrelativistic approximation). The cor-
E1 m12 min–( )c2, E2 mout m12–( )c2,= =
E1' E2'
E1' mout m21–( )c2, E2' m21 min–( )c2.= =
E1 E2+ E1' E2' .+=
E1' E1 ∆E, E2'– E2 ∆E.+= =
∆E c
4
r∗
2k--------- f in f out f 12– f 21–+( ).=
∆E c
4
r∗
4k f 12------------- f in f 12– σ1–( ) f 12 f out– σ2+( )[=
– δ1δ2 f in f 12 σ1––( )2 4σ1 f 12–
× f 12 f out– σ2+( )2 4σ2 f 12– ].
f 121–
∆E
kM1 r∗( )M2 r∗( )
r∗
------------------------------------Q–=
=  
kM1M2
r
-----------------
1 v 1v 2/c
2
–
1 v 1
2/c2– 1 v 2
2/c2–
----------------------------------------------------  
 
r r∗=
,
AN EXACT GENERAL-RELATIVITY SOLUTION 381
responding expression for the metric coefficient f21 can
be written as
(86)
4. THE NONRELATIVISTIC (NEWTONIAN) 
APPROXIMATION
In the nonrelativistic approximation, the total ener-
gies of the shells (79) and (80) can be expanded as
where m and  do not depend on c. This means that the
differences between the mass parameters, to within 1/c2
inclusive, are
(87)
(88)
Here, m1 and m2 are the rest masses of the shells, those
that appear in formulas (32) for the effective masses M1
and M2. The quantities  in (87) and (88) are the total
nonrelativistic energies of the shells; the law of their
conservation follows from (87) and (88):
(89)
Relation (82) now takes the form
(90)
where ∆ = (∆E)c = ∞ follows from expression (85).
Since M1 = m1 and M2 = m2 in the first nonvanishing
order in 1/c2, we obtain the following nonrelativistic
formulas for energy transfer during the intersection
from (85):
(91)
The nonrelativistic equations of motion for the shells
before their intersection can be easily derived from the
exact equations (30)–(32). The proper times τ1 and τ2 in
the principal order are equal to the global time t, so
(dr1/cdτ1)2 and (dr2/cdτ2)2 in these equations are noth-
ing else but /c2 and /c2, respectively, where
(92)
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Expanding Eqs. (30)–(32) up to the order 1/c2 inclusive
yields
(93)
(94)
A similar operation with Eqs. (38) and (39) leads to the
following equations of motion for the shells after their
intersection:
(95)
(96)
Together with relations (90) and (91) and the initial data
r1 = r2 = r* at t = t*, Eqs. (95) and (96) completely
determine the evolution of the shells immediately after
t* (i.e., before the next possible intersection).
It follows from Eqs. (93)–(96) applied to the point
r1 = r2 = r* that
(97)
Here, we denoted the limits of the velocities v1, 2 at
point r* from the side “after intersection” by ,
while v1, 2(r*) are the limits of these velocities at point
r* from the side “before intersection.” Relations (97)
and the law of change in energy (90) and (91) show that
the shell velocities are continuous at the point of inter-
section in the nonrelativistic approximation:
(98)
(the cases where the velocities change sign are
excluded from the additional physical requirements for
joining the evolutions discussed in the Introduction). Of
course, condition (98) is obvious in advance and
requires no discussion. We deduced it here only to show
the consistency of the entire procedure. Note that, when
studying the Newtonian approximation, we can begin
directly from condition (98) as the main postulate (as
we did in [8]).
The exact formula (84) for ∆E written in terms of
the velocities in the form (85) also allows the post-
Newtonian correction to the energy transfer to be easily
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calculated. Expanding the right-hand side of Eq. (85) to
within order 1/c2 inclusive yields
(99)
The velocities v1(r*) and v2(r*) in this formula should
be determined from Eqs. (93) and (94) applied to the
point r1 = r2 = r*; i.e., these are the standard velocities
of the Newtonian approximation. Of course, if we take
into consideration the post-Newtonian correction to
∆E, then we must take into account such corrections to
all energies E; i.e., we must write out the next terms of
the expansion in 1/c2 in energies after the Newtonian
ones (93)–(96). We performed the corresponding calcu-
lations but do not present their results here, because
they are relatively cumbersome and are not needed at
the current stage of our studies.
5. SHELLS WITH ZERO EFFECTIVE REST 
MASSES
If the shell particles move only radially and have a
zero rest mass, then m1 = m2 = 0 and L1 = L2 = 0. In this
case, both shells have a zero effective rest mass, i.e.,
M1 = M2 = 0. As previously, the shell intersection cor-
responds to Fig. 1, with the only difference that trajec-
tories CO, AO, OB, and OD are now isotropic. In all
four sectors, the metric is given by the same formulas
(25)–(28), in which the functions f have the same
form (4), (29). As previously, the problem consists in
determining the radius r* of the point of intersection of
the shells and then the mass parameter m21 or, equiva-
lently, f21(r*). Naturally, the latter must follow from
formula (78), in which we should set σ1 = σ2 = 0 and
assume that δ1δ2 = –1, because such s-wave lightlike
shells can intersect only if they initially move toward
each other. Given also that the mass parameters in the
physical region are arranged in the order
(100)
or, equivalently,
(101)
we obtain the following result from (78):
(102)
This is nothing else but the relation derived by Dray and
’t Hooft [17]; these authors considered the intersection
of two light spherically symmetric shells with a purely
radial motion of their constituent “photons.”
To completely describe the behavior of light shells,
we must also set up the equations of their motion. Now,
∆E km1m2
r∗
---------------
1
2c2
-------
km1m2
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--------------- v 1 r∗( ) v 2 r∗( )–[ ]2

+=
+
km2L1
2
m1r∗
3--------------
km1L2
2
m2r∗
3--------------+ 

.
mout m12 min, mout m21 min,> >> >
f out f 12 f in, f out f 21 f in,< << <
f 21 r∗( ) f 12 r∗( ) f in r∗( ) f out r∗( ).=
the proper time τ cannot be used in these equations,
because it does not exist. If there is only one shell, then
expressions (1) and (2) for the intervals remain the
same, while expression (3) changes to
(103)
Thus, the joining conditions now imply that the radial-
time part of the interval must become zero on both sides
of the shells; i.e., instead of (6) and (7), we obtain
(104)
(105)
The equation of motion for the shell r = R0(t) follows
from (105),
(106)
and Eq. (104) then gives the dilaton factor eT(t):
(107)
It is easy to see that the equation of motion in the forms
(18)–(20) is now no longer required, because it simply
copies Eq. (106). This can be easily shown first (at µ ≠
0) by changing to the global time t instead of τ in the
equations and then passing to the limit µ  0.
In the case of two shells, the equations of motion for
the second (outer) shell before their intersection follow
the equality of the radial-time interval to zero on both
of its sides:
(108)
(109)
whence it follows that
(110)
For (inner) shell 1 before the intersection,
(111)
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Substituting  from (110) in (111) yields
(113)
After the intersection, we have for (now outer) shell 1
(114)
(115)
whence it follows that
(116)
For (inner) shell 2 after the intersection,
(117)
(118)
Substituting  from (116) into (117) yields
(119)
If the initial data to the first of Eqs. (110) and to the first
of Eqs. (113) are specified and if the mass parameters
m12, min, and mout are also specified, then the trajectories
r = R1(t) and r = R2(t) of the shells before their intersec-
tion are completely determined together with the point
of their intersection r* = R1(t*) = R2(t*). The mass
parameter m21 is then derived from (102), and the tra-
jectories of the shells after their intersection are com-
pletely determined from the first Eqs. (116) and (119).
The energy transfer can be easily calculated from (83)
by substituting f21(r*) expressed from relation (102):
(120)
Note also that, if we took δ1δ2 = 1, then we would
obtain
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and the energy transfer ∆E would become zero, reflect-
ing the fact that such light shells moving in the same
direction cannot intersect. Indeed, a simple examina-
tion of Eqs. (110) and (113) shows that no intersection
is possible for δ1δ2 = 1, which, of course, is obvious in
advance. At the same time, the existence of solution
(121) and, hence, region 21 after the intersection stems
in this case from the fact that the exact solution for zero
effective masses may be treated as the first approxima-
tion for massive shells but in the ultrarelativistic
regime, when the effective rest masses M1 and M2 are
insignificant and the solution can be expanded in small
parameters σ1 and σ2. In this case, the intersection is
possible even if the shells move in the same direction
and the energy transfer in the first nonvanishing order is
a small quantity linear in σ1 and σ2, i.e., in  and .
Our calculation yields
(122)
the solution (121) for f21(r*) refers precisely to this sit-
uation.
In conclusion, note that, if the photons that consti-
tute the shells move nonradially, then the parameters L1
and L2 are nonzero at zero m1 and m2. In this case, the
effective rest masses M1 and M2 are nonzero and the
qualitative behavior of such light shells is the same as
that of massive shells.
6. THE INTERSECTION OF A TEST SHELL 
WITH A GRAVITATING SHELL
Clearly, the motion and intersections of two test
shells are of no interest. Each of them moves as if no
other shell exists at all. A nontrivial situation arises
when only one of the shells is a test one, while the grav-
itational field of the other shell is completely taken into
account. Naturally, the solution of this problem must
follow from the general case using the corresponding
passage to the limit. Let us first consider how the pas-
sage to the limit of a test shell is accomplished when
there is only one shell. To obtain this limit, we must
redesignate the constant parameters as
(123)
and assume the constants mp, Lp, and Ep to be λ-inde-
pendent. Subsequently, we must pass to the limit
λ  0.
In the limit λ  0, we have mout = min and eT(t) = 1
follows from the joining equations (6) and (7). We now
see from (1) and (2) that the metric is the same both
M1
2 M2
2
∆E
kM1
2
mout m12–( )2 kM22 m12 min–( )2+
2r∗ m12 min–( ) mout m12–( )
-------------------------------------------------------------------------------------- ,=
δ1δ2 1;=
m λmp, L λLp, mout min λ
Ep
c
2----- ,+= = =
384 BARKOV et al.
inside and outside the shell (as should be the case if it
is a test shell):
(124)
Only one relation now remains from the joining condi-
tions:
(125)
which no longer makes sense to call the joining condi-
tion. This is simply the condition for normalizing the 4-
velocity of a test particle to unity.
We write the effective mass µ(τ) as
(126)
and relation (24) then defines µp:
(127)
Substituting (126) and (127) into Eq. (18) and passing
to the limit λ  0 yields the following equation of
motion for the test shell in the field of the central
mass min:
(128)
As we see, the zero parameters disappeared from the
final equations (124), (125) and (127), (128), and only
the finite constants mp, Lp, min, and Ep remained; the lat-
ter characterize the test shell.
It would be natural to expect that the equation of
motion for the test shell must match the equation of a
geodesic in the field of a central mass. It turns out that
this is actually the case. Using relation (125), we can
easily write the equation of motion (128) in the
Schwarzschild time t rather than in the proper time:
(129)
This expression is now easy to compare with that fol-
lowing from the solution of the geodesic equations in
the metric (124). For the test shell, Eq. (129) is the only
integral of motion in the sense that there are no motions
except radial one in the shell as a whole. Therefore, we
deal with the match between (129) and the first integral
of the geodesic equations that describes the radial part
of the motion of the test particle (although the particle,
of course, also has a tangential motion). This integral of
the geodesic equations is known to exist. It is easy to
show that it exactly matches (129) if we identify the
total conserved particle energy with Ep, the particle rest
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2R0
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f in3 R0( )
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2
–
---------------------------------------.=
mass with mp, and the square of the norm of the con-
served particle angular momentum with .
Let us now consider the situation with two shells
shown in Fig. 1 and assume that shell 2 (trajectories CO
and OD) is a test shell. We leave the parameters of shell 1
unchanged and redesignate the parameters of shell 2 in
accordance with (123):
m2 = λmp, L2 = λLp, E2 = λEp,  = λ .
It thus follows that
where
(130)
Relations (79) and (80) now yield
whence we see that the mass parameters on both sides
of shell 2 before and after the intersection are equal in
the limit λ = 0:
(131)
It follows from the joining conditions (35), (36) and
(42), (43) in the limit λ = 0 that
(132)
Thus, as we see from (25), (26) and (27), (28), the met-
rics in regions COB and COA are identical, as are the
metrics in regions AOD and BOD. In other words, the
metrics are continuous when passing through trajecto-
ries CO and OD, as should be the case for a test shell.
Substituting the redesignated parameters in Eqs. (30)
and (31) and passing to the limit λ = 0 yields the follow-
ing equations of motion for the shells before their inter-
section:
(133)
(134)
Similarly, we derive the equations of motion after their
intersection from (38) and (39):
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The equations of motion (133) and (135) for the gravi-
tating shell 1 are actually the same equation, only the
former is written in the form (19), while the latter is
written in the form (18); i.e., the entire evolution of
shell 1 can be described only by one of these equations
extended to both stages of motion, before and after the
intersection. Thus, the gravitating shell moves without
being affected by the test shell, as should be the case.
The situation with the test shell 2 is different. The equa-
tions of its motion (134) and (136) are distinctly differ-
ent. In addition, we must also define its energy  after
the intersection via the parameters specified before the
intersection. The latter is accomplished by using
Eq. (78), in which we must substitute the redesignated
parameters and then pass to the limit λ = 0. This opera-
tion leads to the following:
(137)
where fin, fout, and Mp are also the values of these func-
tions at the point of intersection r = r*.
Equation (137) gives a jump in the energy of the test
shell. If necessary, we can also determine the jump in
its velocity. To avoid misunderstandings, we first note
the following. For the gravitating shell 1, because the
equations of its motion before and after the intersection
are identical, the derivative dr1/dτ1 is continuous at the
point of intersection. In contrast, the velocity of this
shell defined by formulas (60) and (64) is discontinu-
ous, because
Of course, this discontinuity is not physical and results
only from different definitions of the velocity before
and after the intersection: the velocity of the gravitating
shell is defined with respect to the metric outside it
(sector COB) before the intersection and with respect to
the metric inside it (sector BOD) after the intersection.
It is easy to verify that, if we continued to define the
velocity of shell 1 after the intersection with respect to
the metric outside it (i.e., in sector COB), then this
velocity would be continuous at the point of intersec-
tion. The velocity of shell 1 defined everywhere with
respect to the metric inside it would also be continuous.
Since the gravitating shell does not feel the presence of
the test shell, its intersection with the latter is not distin-
guished in any way and the change in the definition of
any quantities at an undistinguished time of evolution,
naturally, bears no relation to the physics of the process.
Of course, there may be reasons why this strange defi-
nition of the velocities is, nevertheless, convenient, but
this is another thing altogether. In our study, this was
required only to relate the joining conditions at the
Ep'
Ep' Ep
1
2 f out----------- f in f out– σ1–( )Ep[+=
– δ1δ2 f in f out– σ1–( )2 4σ1 f out–
× Ep
2 f outMp2 c4– ],
g11
COA
r∗( ) g11BOD r∗( ).≠
point of intersection to the continuity of the relative
velocity, which may not have been done. Calculating
the scalar products Q, Q', P, and P' and their continuity
conditions by no means require introducing any veloc-
ities.
The situation with the test shell with the same metric
on both of its sides is different. The “physical” velocity
of this shell with respect to this metric is unambigu-
ously defined everywhere and cannot have fictitious
discontinuities of the type described above. Therefore,
the discontinuity in this velocity at the point of intersec-
tion is actually connected with physics of the process.
Before the intersection, the velocity of the test shell is
defined by formulas (61) and (26), in which we should
also pass to the limit λ = 0. Using (134), we then obtain
(138)
The same operations with (65), (28), and (136) yield
(139)
In these formulas, as previously, all functions of r are
taken at the point of intersection r = r*. Since the jump
in energy is known [relation (137)], the jump in the
velocity of the test shell can be determined from (138)
and (139).
7. MASS EJECTION FROM A STAR CLUSTER
The dynamical processes near supermassive black
holes (SBHs), quasars, blazars, and active galactic
nuclei are characterized by violent events that give rise
to jets and ejections. The formation of jets is commonly
associated with processes that take place in magnetized
accretion disks [18, 19]. The formation of quasi-spher-
ical ejections, which are possibly observed in broad
absorption lines, may prove to be related to other ejec-
tion mechanisms. In this section, based on the ballistic
interaction between gravitating shells described in the
preceding sections, we point out the possibility of shell
ejection from the neighborhood of a SBH surrounded
by a dense massive star cluster.
Numerical calculations for the collapse of a star
cluster in the shell approximation [4, 9, 10] showed
that, even if all shells were initially bound, after several
intersections, some of the shells acquire enough energy
to become unbound and to fly away to infinity. The rem-
nant can be a stationary star cluster in the Newtonian
approximation and a SBH in general relativity.
Ejections can be produced by the interaction
between shells moving near a SBH. In a homogeneous
star cluster with or without a SBH, stars evaporate
through pair collisions with modest kinetic energy
transfer. The formation of rapidly escaping stars is
approximately a factor of 100 less probable, because
Mpc
2
1 v 2
2/c2–
-------------------------
Ep
f out
------------.=
Mpc
2
1 v 2'
2/c2–
---------------------------
Ep'
f in
----------.=
386 BARKOV et al.
collisions with weak momentum transfer prevail [20].
If the cluster is denser and contains several compact
parts, then the collisions between these parts will be
completely different; significant momentum transfer
during a collision becomes possible. In this case, the
gravitational interaction between compact parts can
lead to high-velocity ejections, and if such an intersec-
tion takes place near a SBH, then the shell escape
velocity from the cluster can account for an appreciable
fraction of the speed of light c. Such a situation can
arise through the collision of galaxies during a close
encounter of their nuclei. In that case, one nucleus can
pull part of the matter from the other nucleus in the
form of collapsing shells. The interaction of such shells
with cluster stars can lead not only to collapse onto the
SBH but also to the reverse phenomenon: shell ejection
with a velocity much higher than the fall velocity at a
given radius; the shell will not fall to the SBH because
of the large angular momentum of its stars.
The ejection mechanism manifests itself even for
the interaction between two shells in the Newtonian
approximation considered in Section 4. If two gravita-
tionally bound shells with energies 1 < 0 and 2 < 0
that obey the equations of motion (93) and (94) inter-
sect at point r = , then their next intersection can
occur at point r =  farther from the center, i.e., at
 > . According to (90) and (91), the shell energies
will be
(140)
after the first intersection and
(141)
after the second intersection. If the absolute values of
1 and 2 are sufficiently small and if  is moderately
large and not too close to , then  > 0 and (outer)
shell 2 after the intersection can go to infinity. Clearly,
there is a broad class of such solutions, and one specific
example (with the highest possible ejection velocity) is
given in [8].
Naturally, this effect also remains in the relativistic
theory of gravitation. If two gravitationally bound
shells with energies E1 < m1c2 and E2 < m2c2 that move
according to Eqs. (30)–(32) intersect at point r = ,
then the energy transfer is described by formulas (82)
and (84), (85):
r1*
r2*
r2* r1*
1' 1
km1m2
r1*
--------------- , 2'– 2
km1m2
r1*
---------------+= =
1'' 1'
km1m2
r2*
---------------+ 1 km1m2
1
r1*
----
1
r2*
----–   ,–= =
2'' 2'
km1m2
r2*
---------------– 2 km1m2
1
r1*
----
1
r2*
----–  += =
r1*
r2* 2''
r1*
(142)
Here, Q is given by expression (70), in which all func-
tions of r are taken at point . For simplicity, let us
consider only those cases where the second intersection
occurs at  >  but at such a large  that the New-
tonian approximation can be used for estimates in this
region. Thus, the shell energies after the second inter-
section will be
(143)
Now, an important circumstance is that, whatever the
value of , the first term in the square brackets in
(143) satisfies the inequality
(144)
This follows from the fact that M1(r) > m1 and M2(r) >
m2 at any r and, in addition, the absolute value of Q is
always larger than unity (see Footnote 3). Comparison
of expressions (143), (144), and (141) indicates that the
shell ejection effects in the relativistic region not only
remain but can even be more intense.
8. A NUMERICAL REALIZATION
OF THE EXACT SOLUTION
Let us now consider a numerical solution of the
exact equations of motion for two intersecting shells.
To calculate the motions of the shells between their
intersections, we used Eqs. (29)–(36), where min, m12,
mout, m1, m2, L1, and L2 are the free initial parameters of
the system. It is also required to specify the initial shell
radii; the calculation start time may be taken to be zero.
We deduce expressions for the derivatives of the proper
times τ1 and τ2 with respect to t from (33)–(36). Substi-
tuting them into Eqs. (30) and (31) yields the equations
of motion for the shells in time relative to an infinitely
distant observer.
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The energy of the shells is redistributed during their
intersection, which can be taken into account by using
Eq. (78). The shells were renamed after their intersec-
tion, which allows us to count as many intersections as
we wish without being concerned about the shell num-
bers (shell 2 is always the outer one).
Figure 2 shows the motion of two shells around a
central body. The rest masses of the shells were
assumed to be identical and equal to 1 and 15% of the
mass of the central body, and the initial relative ener-
gies Ei/mic2 were 0.975 in both cases. Shell “beating”
and energy transfer from one shell to the other, which
manifests itself in changes in the radius of maximum
shell recession from the center, are clearly seen in
Fig. 2a. However, at larger shell masses in Fig. 2b, the
shell energies and trajectories even after one intersec-
tion change so greatly that the next intersection can
occur for quite different shell radii and velocity direc-
tions (i.e., the change in phase is comparable to the
shell oscillation period itself). We clearly see chaotiza-
tion of the shell motion from this example. Chaotic
motions for various shell parameters in the Newtonian
case are illustrated in [8].
To achieve the largest gain in energy of the escaping
shell, by analogy with the Newtonian case, we should
choose the shell parameters as follows: first, the initial
total energies must be close to the rest energies m1c2
and m2c2; and, second, the first intersection must occur
at a point as close to the gravitating center as possible,
while the second intersection must occur as far as pos-
sible from this center. The characteristic relativistic
potential can be used to satisfy these conditions. Near
the peak of the potential curve (near 2rg), one of the
shells can be arbitrarily long; the shell, as it were, sticks
to the radius of the potential peak, which gives time for
the other shell to fly far away (see Fig. 3).
Figure 4 shows the motion of shells with intersec-
tion and with the ejection of one shell after the second
intersection. The rest masses of the shells were
assumed to be identical and equal to 1% of the mass of
the central body, m1 = m2 = 0.01min (Fig. 4a). The other
initial parameters were taken to be r1 = 7.5, r2 = 7.75,
L1 = 2.013, L2 = 2.0279481, mout – m12 = (1 – 10–12)m2,
and m12 – min = (1 – 10–12)m1. Here, ri and Li are given
in units of rg and mirgc, respectively, with rg = 2kmin/c2.
The first and second intersections occur at  =
2.126104 and  = 43.8996, respectively. The escaping
shell acquires an energy ∆mc2 approximately equal to
its kinetic energy mv2/2 = ∆mc2, ∆m = 4.3604 × 10–5min ≈
4.4 × 10–3m1, which corresponds to the velocity at infin-
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Fig. 2. The motion of two gravitationally bound shells with intersections when the mass of each shell accounts for 1% of the mass
of the central body: (a) m1 = m2 = 0.01min and (b) 0.15min.
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Fig. 3. The total (gravitational plus centrifugal) effective
potential Φ for the motion of one shell, rg = 2kmin/c2.
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ity v = 0.0931c. The initial and resulting parameters for
the various calculations shown in Figs. 4a–4d and
Fig. 5 are given in the table. Figures 6–8 show plots for
variations in the radii of the first and second intersec-
tions and in the escape velocity of one of the shells to
infinity for the conditions most favorable for shell ejec-
tion.
Figure 5 shows the motion of the same shells as
those in Fig. 4b but with the angular momentum of
shell 2 increased by half a percent. The latter causes
the “sticking” phase to disappear; as a result, the sec-
ond intersection occurs much earlier and the efficiency
of the mechanism decreases sharply. The change in
energy was found to be ∆m = 2.634 × 10–4min, which
accounts for about 0.88% of the shell rest mass; i.e., the
efficiency of the mechanism decreased by 17% (see the
table).
In conclusion, note that, as the shell masses rise, the
efficiency of the ballistic ejection mechanism initially
increases. However, when the shell rest masses reach
about 20% of the mass of the central body, the mini-
6
0 50
tc/rg
4
8
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14
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2
100 150
(c)
0 50
r/rg
10
60
400
(a)
100 150 200 250 300 350
20
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50
0 50
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50
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100 150 200 250 300
20
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40
6
0 40
4
8
10
12
14
2
80 120
(d)
20 60 100
tc/rg
Fig. 4. The ejection of one of the shells after two intersections under the conditions most favorable for the attainment of the maxi-
mum ejection velocity: (a) m1 = m2 = 0.01min, (b) 0.03min, (c) 0.15min, and (d) 0.30min.
10
0 50
r/rg
tc/rg
20
30
40
50
60
100 150 200 250 300
Fig. 5. The ejection of one of the shells after two intersec-
tions for initial parameters identical to those in Fig. 4b with
the angular momentum of the particles constituting the sec-
ond shell increased by 0.5%, which violates the most favor-
able conditions for ejection.
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mum possible radius of the first intersection increases
and the maximum possible radius of the second inter-
section decreases because of the strong interaction
between the shells, which causes the efficiency of this
scenario to decrease (see Figs. 6–8). In turn, as was
mentioned above, a small deviation of the parameters
from the optimal position results in a significant devia-
tion from the limiting shell escape velocity.
The calculations of the shell motion with simplified
conditions during intersections from [9, 10] (see the
Appendix) proved to be in good agreement with the
exact calculations for low shell masses, m1, 2/min ≤ 0.03.
This is because, under the conditions most favorable for
escape, the first intersection occurs near the point of
minimum radius, where either v1  c or v2  c (the
necessary condition for the validity of the simplified
condition) and the second intersection occurs far from
the center in the nonrelativistic region, where v1, v2 
c as well. Thus, the conditions under which the approx-
imate solution is in good agreement with the exact solu-
tion are satisfied.
For low-mass (m1, m2  min) shells, we can take the
radius of the first intersection to be  = 2rg and ther1*
0.1
0
–5
log((r1
* – 2rg)/rg)
log(m/min)(m = m1 = m2)
0.2
0.3
0.4
0.5
0.6
–4 –3 –2 –1 0
0.7
–6
Fig. 6.  versus logarithm of the mass
ratio, ;  is the radius of the first intersection
for equal rest masses of the shells, m1 = m2, under the con-
ditions most favorable for ejection.
r1* 2rg–( )/rg[ ]log
m1/min( )log r1*
1
0
–5
log(r2
*/r1
*)
log (m/min)(m = m1 = m2)
2
3
4
5
6
–4 –3 –2 –1 0–6
Fig. 7.  versus ;  is the radius of
the second intersection for the same conditions as in Fig. 6.
r2*/r1*( )log m/min( )log r2*
Table
Fig. 4a Fig. 4b Fig. 4c Fig. 4d Fig. 5
m1/min 0.01 0.03 0.015 0.30 0.03
m2/min 0.01 0.03 0.015 0.30 0.03
r1/rg 7.5 7.5 7.5 7.5 7.5
r2/rg 7.75 8.5 9.8 11.27 8.5
/rg 2.126104 2.3638 3.249 4.3698 2.3765
/rg 43.8996 26.986 11.7076 7.9374 7.9345
L1/m1crg 2.013 2.05 2.285 2.61 2.05
L2/m2crg 2.0279481 2.0753315 2.305431 2.5393 2.0857082
(mout–m12)/m2 1–10–12 1–10–12 1–10–12 1–10–12 1–10–12
(m12–min)/m1 1–10–12 1–10–12 1–10–12 1–10–12 1–10–12
∆m/min 4.3604 × 10–5 3.1889 × 10–4 4.22686 × 10–3 7.52 × 10–3 2.634 × 10–4
v/c 0.0931 0.1447 0.2336 0.2198 0.1384
∆m/m2, % 0.44 1.06 2.8 2.5 0.88
r1*
r2*
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radius of the second intersection to be infinite. As a
result, the maximum energy carried away by a low-
mass shell through the intersections with a shell of
the same rest mass is proportional to the shell mass
and the escape velocity is proportional to the square
root of the shell mass. Using the first row in the table,
we have
for m/min  1, where m = m1 = m2.
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APPENDIX
Since there was no exact solution to the problem of
the intersection of relativistic gravitating shells in the
course of the study by Bisnovatyi-Kogan and Yangura-
zova [9, 10], these authors proposed the following
approximate continuity conditions at the point of inter-
section:
(A.1)
(A.2)
∆m
m
------- 0.044 m
min
------ ,
v
c
--- 0.931 m
min
------≈≈
E1
1 rg1/r∗–
--------------------------
E1'
1 rg1' /r∗–
-------------------------- ,=
E1' E2'+ E1 E2.+=
Here, the total energies of the shells E1, E2, , and 
are given by formulas (79) and (80); rg1 and  are4
(A.3)
Equation (A.2) is the exact energy equation (81) and
requires no discussion. In contrast, as our comparison
with the exact theory shows (see below), Eq. (A.1) is
approximate. It can be used only for low effective rest
masses of the shells M1 and M2 (compared to the mass
of the central body) together with the condition for the
velocity of at least one of the shells being low (com-
pared to the speed of light) at the intersection time. Our
exact solution with the most favorable (for escape) con-
ditions corresponds to the case where the first intersec-
tion occurs near the turning point (the minimum possi-
ble distance from the central body) of one of the shells,
i.e., where the velocity of this shell is nearly zero. The
energy transfer responsible for the ejection of one of the
shells to infinity is determined by this first intersection,
because the second intersection occurs far from the
center, where the energy transfer is negligible. For these
reasons, the results of our numerical calculations using
conditions (A.1) and (A.2) for sufficiently low shell
masses proved to be similar to those obtained by using
the exact theory when describing the cases correspond-
ing to maximum shell escape velocities.
Let us briefly explain the derivation of the approxi-
mate condition (A.1) from the exact solution. Consider
the intersection of shells described in Section 3 for low
(compared to minc2) energies E1 and E2. In addition, we
assume that the intersection does not occur too close to
the gravitational radius of the central body and that,
although the shell velocities at the intersection time can
account for a sizeable fraction of the speed of light, they
are, nevertheless, not ultrarelativistic. This means that
(A.4)
Below, v1 and v2 are the velocities given by rela-
tions (59)–(61) but taken at point r = r*. It is easy to
show that, under conditions (A.4), the equations of
motion (30) and (31), to a first approximation, yield
(A.5)
4 Actually, the terms E1/2c2 and /2c2 related to shell self-gravi-
tation were taken in [9, 10] without the factor 1/2. The more
accurate expressions (A.3) were used later.
E1' E2'
rg1'
E1'
rg1
2k
c
2----- min
E1
2c2
-------+   ,=
rg1'
2k
c
2----- min
E2'
c
2-----
E1'
2c2
-------+ +   .=
E1 E2  minc
2
, f in r∗( ) 1,∼,
1 v 1
2/c2– 1 v 2
2/c2– 1.∼,
E1
M1c
2 f in
1 v 1
2/c2–
-------------------------  
 
r r∗=
,=
E2
M2c
2 f in
1 v 2
2/c2–
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 
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Fig. 8. Logarithm of the ejection velocity to infinity,
], versus  for the same conditions as
in Fig. 6.
v /c( )log m/min( )log
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whence it also follows that conditions (A.4) mean M1,
M2  min. In this approximation, formula (85) for
energy transfer can be written as
(A.6)
If we also add the requirement that the intersection
occur near the turning point of one of the shells, i.e., for
v1v2/c2  1, then it follows from (A.6) that
(A.7)
It is easy to show that the same expression for ∆E also
follows from Eqs. (A.1) and (A.2) if we express E1 –
 = ∆E in them as a function of E1, E2, and min and
take the first term of its expansion in small parameters
E1/minc2 and E2/minc2 for fin(r*) ~ 1.
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